Abstract. We show that a compact Kähler manifold X is a complex torus if both the continuous part and discrete part of some automorphism group G of X are infinite groups, unless X is bimeromorphic to a non-trivial G-equivariant fibration. Some applications to dynamics are given.
Introduction
We work over the field C of complex numbers. Let X be a compact Kähler manifold. Denote by Aut(X) the automorphism group of X and by Aut 0 (X) the identity connected component of Aut(X). By [7] , Aut 0 (X) has a natural meromorphic group structure. Further there exists a unique meromorphic subgroup, say L(X), of Aut 0 (X), which is meromorphically isomorphic to a linear algebraic group and such that the quotient Aut 0 (X)/L(X) is a complex torus. In the following, by a subgroup of Aut 0 (X) we always mean a meromorphic subgroup and by a linear algebraic subgroup of Aut 0 (X) we mean a Zariski closed meromorphic subgroup contained in L(X).
For a subgroup G ≤ Aut(X), the pair (X, G) is called strongly primitive if for every finite-index subgroup G 1 of G, X is not bimeromorphic to a non-trivial G 1 -equivariant fibration, i.e., there does not exist any compact Kähler manifold X ′ bimeromorphic to X, such that X ′ admits a G 1 -equivariant holomorphic map X ′ → Y with 0 < dim Y < dim X and G 1 ≤ Aut(XAs a key step towards Theorem 1.1, we prove the following result. A proof for Theorem 1.2(2) is long overdue (and we do it geometrically via 1.2(1)), but the authors could not find it in any literature, even after consulting many experts across the continents. (1) X is projective; the anti canonical divisor −K X is big, i.e. κ(X, −K X ) = dim X.
(2) Aut(X)/ Aut 0 (X) is finite. Suppose that the quotient space X/ Aut 0 (X) has dimension ≤ 1. Then X is projective and Aut(X)/ Aut 0 (X) is finite.
The second application essentially says that when we study dynamics of a compact
Kähler manifold X, we may assume that Aut 0 (X) lin = (1), where Aut 0 (X) lin is the largest connected linear algebraic subgroup of Aut 0 (X).
Application 1.5. Let X be a smooth projective variety and G 0 ⊳ G ≤ Aut(X). Suppose that G 0 is a connected linear closed subgroup of Aut 0 (X). Let Y be a G-equivariant resolution of the quotient space X/G 0 and replace X by a G-equivariant resolution so that the natural map π : X → Y is holomorphic. Then for any g ∈ G, we have the equality of the first dynamical degrees:
where d 1 (g |X ) := max{|λ| ; λ is an eigenvalue of g * | H 1,1 (X)}. Lemma 2.1.2. Let X be a compact Kähler manifold and B a big Cartier divisor. Then X is projective. Let G ≤ Aut(X) be a subgroup such that g * B ∼ B for every g ∈ G.
Proof of Theorems

For a compact Kähler manifold X, denote by NS
Then |G :
Proof. The existence of a big divisor on X implies that X is Moishezon, so X is projective since it is also Kähler ( [14] ). Replacing B by a multiple, we may assume that the complete linear system |B| gives rise to a birational map Φ |B| : X Y . Take a G-equivariant 
is a finite extension of Aut 0 (X), G 0|X is a finite extension of G 0 ∩ Aut 0 (X). Now the lemma follows. 
Proof. By a classical result of Chevalley, a connected linear algebraic group is a rational variety. By [7] , G 0 has a compactification G * 0 such that the map G 0 × X → X extends to a meromorphic map G * 0 × X X. Hence if G 0 is a linear algebraic group and has a Zariski dense orbit in X, then X is meromorphically dominated by a rational variety G * 0 and is unirational. Hence X is Moishezon and also Kähler. Thus X is projective.
By the ramification divisor formula
big, it suffices to say the same for −f * K Y or −K X . So we may assume that Γ = (1). at a point x 0 ∈ U. First we show that −K X is effective. Let g be the Lie algebra of G 0 .
As X is almost homogeneous, we can take n = dim X elements v 1 , · · · , v n in g such that σ =ṽ 1 ∧ · · · ∧ṽ n is not identically zero on X, whereṽ i is the vector field corresponding to
Let H 0 be the identity connected component of H and N(H 0 ) its normalizer in G 0 .
We consider the Tits fibration X Y which on the open orbit is the G 0 -equivariant If the Tits fibration is trivial, i.e., its image is a point, then G 0 = N(H 0 ). Hence H 0 is a normal subgroup of G 0 and the quotient G 0 /H 0 is a connected linear algebraic group.
Thus −K X is big by Lemma 2.1.3. Now assume that the Tits fibration X Y is non-trivial, i.e., dim G 0 /N(H 0 ) > 0. Taking G 0 -equivariant blowups π : X ′ → X and Y ′ → Y , we may assume that 
over Y ′ , which is also effective by the discussion above. By [3, Lemma 2.5], the divisor 
where the last group is finite by Theorem 1.2. This contradicts the assumption.
Suppose now that q(X) > 0. Let alb X : X → A := Alb(X) be the Albanese map which is automatically Aut(X)-and hence G-equivariant, and which must be generically finite onto the image alb X (X) by the strong primitivity of (X, G). Hence κ(X) ≥ κ(alb X (X)) ≥ 0. Thus κ(X) = 0. So alb X is a bimeromorphic and surjective morphism (cf. [13, Theorem 24] ).
Since X is almost homogeneous under the action ofḠ 0 and also ofḠ 00 , so is A under the action ofḠ 00|A . HenceḠ 00|A = Aut 0 (A) = A. We still need to show that alb X : X → A is an isomorphism. Suppose the contrary that we have a non-empty exceptional locus E ⊂ X over which alb X is not an isomorphism. Then both E and F := alb X (E) are stable under the actions ofḠ 00 , andḠ 00|A = A, respectively. Hence dim F ≥ dim A, contradicting the fact that alb X is a bimeromorphic map. Theorem 1.1 is proved. Suppose that dim
whose class is stabilized by G. Now B = π * B ′ , with π : X ′ → X the natural birational morphism, is a big divisor on X whose class is stabilized by G. Thus Application 1.4
follows from Lemma 2.1.2.
3.2. We recall some basic notions from dynamics. Let X be a compact Kähler manifold.
For an automorphism g ∈ Aut(X), its (topological) entropy h(g) = log ρ(g) is defined as the logarithm of the spectral radius ρ(g), where
By the fundamental result of Gromov and Yomdin, the above definition is equivalent to the original dynamical definition of entropy (cf. [8] , [16] ).
An element g ∈ Aut(X) is of null entropy if its (topological) entropy h(g) equals 0.
For a subgroup G of Aut(X), we define the null subset of G as
which may not be a subgroup. A group G ≤ Aut(X) is of null entropy if every g ∈ G is of null entropy, i.e., if G equals N(G). Set n := dim X and ℓ := dim Y . Noting that π * A · F = 0, we have
where the last term is a positive number independent of s. Hence 
